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Let ABC be a triangle with sides a, b, c opposite the angles A,B,C re-
spectively. Let AH be perpendicular to the side BC with H on BC. Set
m = BH, n = CH. Prove that a(bm + cn) − bc(b + c) is positive, negative,
or zero according as 6 A is obtuse, acute or right-angled.

Solution by Francisco Javier Garćıa Capitán

If m = BH and n = CH (signed distances), applying the definition
of cosine and cosine law to angles B and C, we have the relations m =
(c2 + a2− b2)/(2a) and n = (a2 + b2− c2)/(2a), so that a(bm+ cn)− bc(b+ c)
can be factored as −(b + c)(b2 + c2 − a2)/2 = −(b + c)bc cos A and the result
follows immediately.


